PHYS 206
Homework Assignment 1

Jody Steele
07367455

September 24, 2026

Problem 1

Prove Euler’s identity,
e’ =cosx +isinz,

by showing that the Taylor series of both sides of the equation are the same to all orders in x.

Proof. The Taylor series for '@ is
n

I
n=0 ’I’L.
We know that cos and sin are even and odd functions respectively, so lets break the sum for ¢’ up into it’s even and

odd constituents. We use the fact that for an arbitrary value n, 2n gives us only even terms and 2n + 1 gives us only
odd terms. We can then rewrite the sum as follows:

e (Zx)2n & (i$)2n+1

— (iz)"
DT @n)l " 2« (2n+ 1)1

n=0 . n=0
Additionally, because i> = —1, i?" can be replaced with (—1)". We can also do this with the second term i?"*! =
i(i®") = i(—1)", moving the remaining i outside of the sum:
) i 2n+1
elfL’ — (
— 2n (2n+1)!
From class we have the Taylor series for cosz:
> " l,2n
Z(_l) (2n)!”
n=0
and sinx:
e . x2n+1
> (=) (2n + 1)!
n=0 ’
Replacing the LHS and RHS from the original equation with their respective sums we get
i( 2n+1 _ i(_ zZn s B ) x2n+1
|
o 2n+ (2n+1)! o (2n + 1)!
We see that the LHS=RHS, thus e*® = cosz + isinz O



Problem 2

Consider the motion of a particle travelling along a helix at constant speed. Suppose the particle’s position vector

as a function of time is given by:
7(t) = pcoswt & + psinwt § + vt 2,

where p, w, v are positive constants. At every point along the particle’s path we can define three unit vectors: T N

, and B. The first is the tangent, meaning it is the unit vector pointing in the direction of the velocity, i.e. T= T / |F]
The second is called the normal, which is the unit vector pointing in the direction of the acceleration, i.e. N=r / |F]
The third is called the binormal, and is simply B=TxN . Calculate T, N , and B, and calculate the constants x

and 7 (in terms of p, w, and v) in the following relations:

f:nN,Nz—mT+TB,B:—TN.

We need to find 7 and 1':", so lets do those first

—

¥ =—pwsinwt T+ pwcoswt §+v 2

F = —pw? coswt & — pw?sinwt §

We'll also need their magnitudes:

7 = /(—pwsinwt)? + (pw coswt)? + (v)2

(pw)? sin? wt + (pw)? cos? wt + v2

= =

(pw)2(sin® wt 4 cos? wt) + v2
=V (pw)? + 0?2

7] = /(—pw? cos wt)? + (—pw? sinwt)?

= \/(—pw2)2 cos? wt + (—pw?)? sin? wt

(cos? wt + sin® wt)
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Now we can calculate 7' N, and B
7=l
_ —pwsinwt & + pwcoswt §+v 2
(pw)? + v?
—pwsinwt pwcoswt v

N =i

—pw? coswt & — pw?sinwt

pw?
= —coswt T —sinwt §
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B=TxN

T Y 2
| =pw sin wt pw cos wt v
T Vw342 (pw)2 402/ (pw)2+o?
— coswt —sinwt 0
v sin w R v Ccosw . pwsin® wt + pw cos” wt
in wt t in? wt 2wt
= T — y
Vot 2 R o () + 0
_ v sin wt 5 v cos wt g+ pw P
ViooE o2 o+ Jpw)? + o

vsinwt £ —vcoswt §+ pw 2

(pw)? +v?

Given T' = kN, N = 7/|F], T = 7/|], and from above we can see that |7] is not dependant on ¢, we can see that
T= 7"'/|F|, and by re-arranging we get:

T = kN

R =—
7]
pw’
K =
(o) + 2
To find 7 we’ll first need to calculate B:
A d vsinwt veoswt . pw .
B=— T — 7+ Z
dt \ /(pw)2+ 02 (pw)2 + 027 /(pw)? + 02
_ wwcoswt | vwsinwt

Voot e

B=—-1N
VW cos wt + vwsinwt ( ‘g inwt §)
T y=—7(—coswt T —sinwt g
VioE T et
VW

—————(coswti + sinwty) = T(coswt I + sinwt §)
(pw)? + 02

VW
’7— - ————
() + 2

Finally, we can use the N=—-xkT+7B equation to confirm x and 7.

N = pn (—coswt & — sinwt §)

= wsinwt & —wcoswt g



Tackling it piecewise

N, = —K;Tw + TB;E

wsinwl & — ( —pw? > ( —pw sin wt ) +< VW > ( vsinwt )a%
Vi +0 )\ Ve +2) T\ Vior + 2 ) \ Vi + 2

—(pw?)(—pwsinwt) + (vw)(v sinwt)j

(pw)? + 02
p2w3 sin wt + v2w sin wt .

P2w? + 02

_ (wsinwt)(p*w?® +0?) |
= 0202 | 02 z

wsinwt & = wsinwt &

Ny = —/@Ty + Téy

i cosuwt = —puw? pw cos wt N vw —v cos wt )
Y v (pw)? + v2 (pw)? + v? (pw)? + v2 (pw)? + v? Y

—(pw?)(pw cos wt) + (vw)(—v cos wt) g

(pw)? + v?
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- P22 + 02
_ (~weoswt)(pPw? +v?)
= 0202 4 02 Yy
—wcoswt §j = —w coswt g
N. = —kT. +7B.
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Problem 3

In lecture we started with the differential equations & = 0 and #+w?x = 0, and integrated twice to find x(t). Suppose
this time we had a physical system of some kind whose differential equation is given by

mi = —um,
where u > 0 is a constant, and x and m are both functions of time. This is called the ideal rocket equation. x is the

position of the rocket, m is its mass.

Do the first integration without making any assumptions about the functional form of m. After the first integra-
tion, assume m(t) = mo(1 —¢/T'), and then perform the second integration. Choose your constants of integration so
that 2(0) = 0, and ©(0) = 0, i.e. the rocket is initially at the origin and not moving.

Lets re-write the equation so we can abuse some derivative notation!

a.__4d
dv _ _,dm
dt dt
dv _ —udm
dt  m dt
—udm
dv = — 2=
v m dt
1
dv = —u—dm
m

And then integrate both sides’

1
/dv = /—u—dm
m

v=—ulnm+C

Subbing in our assumed equation for m

o= —ata (o (1- 1)) v
v=—u <1n(m0)+1n (1— ;)) +C

With #(0) = 0 we can determine the value for C' now

0=—-u (ln(mo) +1In (1 — ;)) +C

0 = —u(In(mo) +In(1)) + C
0= —uln(mg) +C
C = uln(myg)

14log” has always meant log( for me growing up, so I'm going to use In



Plugging this back into the original equation and simplifying we get

v=—u <ln(m0) +1n (1 — ;)) + uln(mg)

v=—uln(mp) —uln (1 - ;) + uln(myg)
t
— —uln(1- =
v u n( T)

Once again, let’s rewrite this to abuse the notation

dx t

We’ll do u-substitution, but with z because we have a u already. Let z =1 — % then dz = _Tldt and dt = —T dz.
Subbing this in

dx = —uln(z)(=T dz)
dx = uT In(z) dz

/dx:uT/lnzdz

The left side is trivial, but the right side requires integration by parts. We’ll use w = In z and dv = dz which gives

us dw =1/z dz and v = z.
/dx:uT/lnzdz

[t (e - [k
/dw—uT( /dz))

x=uT (In(z)(z) —z+C

)

Subbing z back in

With z(0) = 0 we’ve got enough to find the second constant

ot (n(1-2) (1-2) - (1-2) 0
0 =T (In(1)(1) — (1) + C)
0=-1+C

C=1



Plugging in, and simplifying



